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Transfer Functions

J
General Definitions

- Transfer function: a mathematical description of network response characteristics.

« The transfer function of a 2-port filter network is usually defined as:

S, (j Q)P = ——————
(D) I + 2F2(Q)

where € is the ripple constant, F(Q) is the characteristic function, and Q is the
frequency variable of a lowpass prototype filter that has a cutoff frequency
Q=Qfor Q =1 (rad/s).

- For linear, time invariant networks, the transfer function may be defined as a rational
function: 5 Np)
21(F Dip)

where N(p)and D(p) are polynomials in a complex frequency variable p=c+X. For a
lossless passive network, the neper frequency (damping coefficient)o =0 and p= Q.
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Transfer Functions: Definitions

7

Insertion Loss L(Q) =10 log ~dB

|
1S, (/€)|

Return Loss |5}, + |S,,[> = 1 for a lossless, passive two-port network,

LR( \(l) = “) IO‘:’,[] - |SZ|(~]Q)’2] dB

Phase Response

&y = Arg $5,(jQ2)

Group Delay Response

de, ()
—dQ)

seconds

Td2) =

Prof. T. L. Wu

X X

NTU
ENC'Group

Transfer Functions:
Poles and Zeros on the Complex Plane

I

Complex Plane (p-plane) : (g, Q)

The values of p at which the function becomes zero are the zeros of the function, and the values
of p at which the function becomes infinite are the singularities (usually the poles) of the function.

Therefore, the zeros of S21(p) are the roots of the numerator NV (p) and the poles of S21(p) are
the roots of denominator D (p).

These poles will be the natural frequencies of the filter.

For the filter to be stable, these natural frequencies must lie in the left half of the p-plane, or on
the imaginary axis.

D(p) is a Hurwitz polynomial, i.e., its roots (or zeros) are in the inside of the left half-plane, or on
the faxis,

the roots (or zeros) of Mp) may occur anywhere on the entire complex plane. The zeros of N (p)
are called finite-frequency transmission zeros of the filter.
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Butterworth (Maximally Flat) Response

" The amplitude-squared transfer function for Butterworth filters that have an inser-
tion loss L, = 3.01 dB at the cutoff frequency ()= 1 is given by

1
1+ an

where nis the degree or the order of filter, which corresponds to the number of reactive
elements required in the lowpass prototype filter.

1S, (V) =

Maximally flat because its amplitude-squared transfer function has the maximum
number of (27— 1) zero derivatives at Q= 0.

Therefore, the maximally flat approximation to the ideal lowpass filter in the pass-
band is best at £} = (), but deteriorates as {) approaches the cutoff frequency ... Fig-

Ly (@B) —>
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Butterworth (Maximally Flat) Response

I

A rational transfer function constructed from (3.7) is

1

Snlp) =2z pi=j cxp[

2i - 1)77]
I;Il(p_pi)

2n

There is no finite-frequency transmission zero [all the zeros of S, ,(p) are at infini-
ty], and the poles p; lie on the unit circle in the left half-plane at equal angular spac-
ings, since |[p;| = | and Arg p; = (2i — 1)7/2n. This is illustrated in Figure 3.2.
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Order dependence

7

Alw) /dB

=0

1 L " " 3 \
0.0l 0.1 1 10 100

w/rad s}
Plot of the gain of Butterworth low-pass fiters of orders 1 through &3

5, with cutoff frequency o = 1. Note that the slope is 20n dB/decade
where nis the fiter order.
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Chebyshev Response

" The Chebyshev response that exhibits the equal-ripple passband and maximally flat
stopband is depicted in Figure 3.3. The amplitude-squared transfer function that de-
scribes this type of response is

S QP = —== 3.9
S0 = T ara) 9
where the ripple constant & is related to a given passband ripple L, in dB by
[ Lar
e=y1010 —1 (3.10)

T,(£2) is a Chebyshev function of the first kind of order n, which is defined

cos(ncos' ) |Q =1
cosh(n cosh™' Q) Q=1

Ly (@B) —>

LN‘_/’\‘_’?‘T]

c

FIGURE 3.3 Chebyshev lowpass response.
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Chebyshev Polynomial

N
Chebyshev Differential Equations
(1-2%)y -y +n°y =0

(1-2%)y" —3zy +n(n+2)y=0

Chebyshev Polynomial of the first kind
To(z) =1
Ti(z) ==

Thi1(z) = 22T, (2) — T,—1(2)

The Chebyshev polynomials of the first kind
can be defined by the trigonometric identity

T, (x) = cos(narccosz) = cosh(n arccoshz)
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The solutions are the Chebyshev polynomials of the first and second kind, respectively

Chebyshev Polynomial of the second kind
Up(z) =1
Ui(z) =22
Un+1(z) = 22U, (z) — Up—i(2).

The Chebyshev polynomials of the second kind
can be defined by the trigonometric identity

__sin((n 4 1)9)
—> T,(cos(?)) = cos(n?) Uil ooald))= sin ¥
Prof. T. L. Wu
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Chebyshev Response
g
L
Rhodes has derived a general formula of the rational transfer function
: io
2 + sin2(im/n\2
Sy ="t o (emin)} o+
2 I +p) /
=1 . s
I/
2i-1
pi=J COS[Si""_/'n + (17#)”] -*n* c
- \
1 1!
n= sinh( —sinh™! —) ¥\
. n £ )
® i1 4m)?

FIGURE 3.4 Pole distribution for Chebyshev response.

Similar to the maximally flat case, all the transmission zeros of S21(p) are located at
infinity. Therefore, the Butterworth and Chebyshev filters dealt with so far are
sometimes referred to as all-pole filters.

The pole locations for the Chebyshev lie on an ellipse in the left half-plane.
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Poles of Chebyshev Filter

Using the complex frequency s, the poles satisfy

1+’ (—js) =0

Defining — jis = cos(8) and using the trigonometric definition of the Chebyshev polynomials yields

14 &2T%(cos(h)) = 1 + &% cos*(nh) = 0.
Solving for 6

1 ( +4 ) mm
= —arceos [ —= ) + —
n € n

The poles of the Chebyshev gain function are then
Spm = J cos(0)

. ( 1 <:t j ) mm )
= jcos | —arccos [ == | + —
n € n

Using the properties of the trigonometric and hyperbolic functions, this may be written in explicitly complex form:

)) Sill(em) wherem=1,2,..., n and

m™2m—1

+7 cosh (larsinh (l>) cos(6,,) Om = 2 n
n e

<

. | 1
Spn = L sinh (—arsmh (
n

<

It demonstrates that the poles lie on an ellipse in s-space centered at s = 0 with a real semi-axis of length

sinh(arsinh(1/€)/n) and an imaginary semi-axis of length of cosh(arsinh(1/¢)/n) Prof. T. L. Wu
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Poles of Chebyshev Filter

N

Log of the absolute value of the gain of an 8th order &)
Chebyshev type | fiter in complex frequency space

(s = 0+ jw) with £ = 0.1 and @y = 1. The white spots are
poles and are arranged on an ellipse with a semi-axis of
0.3836... in o and 1.071... in w. The transfer function poles
are those poles in the left half plane. Black corresponds to a
gain of 0.05 or less, white corresponds to a gain of 20 or
more.

http://en.wikipedia.org/wiki/Chebyshev_filter
Prof. T. L. Wu




Elliptic
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Function Response

%

The response that is equal-ripple in both the passband and stopband is the elliptic
function response, as illustrated in Figure 3.5. The transfer function for this type of

response is

SH( Q)P = — = .
1521 (7€) 1 +€2F,2'(Q) 1 :
g
¢ a2 =
Q3 -9%
M—5————— forneven g TS
QY- 9
=l
Fu@) =4 (n=1y2 |
Q II (-9 [
N =1 l‘?lz| R for n(=3) odd Lar —k~ I
QYQ: - 2
L H (€25 ) ﬂcgs .
where Q, (0 <, < 1) and Q, > 1 represent some critical frequencies; M and N are
constants to be defined
F,(2) will oscillate between £1 for [ = 1, and |F,(Q==1) =1.
Prof. T. L. Wu
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Figure 3.6 plots the two typical oscillating curves for n =4 and n = 5. Inspection
of F,(€2) in (3.13b) shows that its zeros and poles are inversely proportional, the
constant of proportionality being €),. An important property of this is that if ; can
be found such that F,(€2) has equal ripples in the passband, it will automatically
have equal ripples in the stopband. The parameter ), is the frequency at which the
equal-ripple stopband starts. For n even F,(£);) = M is required, which can be used
to define the minimum in the stopband for a specified passband ripple constant .

FIGURE 3.6  Plot of elliptic rational function.
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Elliptic Filter

An elliptic filter (also known as a Cauer filter, named after Wilhelm Cauer) is a signal
processing filter with equalized ripple (equiripple) behavior in both the passband and the
stopband.

The amount of ripple in each band is independently adjustable, and no other filter of equal
order can have a faster transition in gain between the passband and the stopband, for the
given values of ripple (whether the ripple is equalized or not).

As the ripple in the stopband approaches zero, the filter becomes a type I Chebyshev filter.
As the ripple in the passband approaches zero, the filter becomes a type II Chebyshev filter

and finally, as both ripple values approach zero, the filter becomes a Butterworth filter.

Prof. T. L. Wu
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Elliptic Filter

The gain of a lowpass elliptic filter as a function of angular frequency w is given by:
B 1
V1+E@R2(€ w/w)

Go(w)

The value of the ripple factor specifies the passband ripple,
while the combination of the ripple factor and the selectivity
where R is the nth-order elliptic rational function and ~ factor specify the stopband ripple.

W, is the cutoff frequency

€ is the ripple factor 1o
& is the selectivity factor s 1\
Gm—l_
V143
The passband of the gain therefore will vary 06 '
between 1and 1/v/1 + €2 633‘
04
1
R /G.\/lwt’L"_
The gain of the stopband therefore will vary o2 t
i [
betweenOandl/ /1+€2L;_>1_ 00—t \ e il
0.0 0.5 2 '3 1.5 2.0 2.5 3.0

where L, = R,(§,§) who

The frequency response of a fourth-order elliptic low-pass fiter &3
with £=0.5 and §=1.05. Also shown are the minimum gain in the
passband and the i gain in the stopband, and the transiti

region between normalized frequency 1 and §

Prof. T. L. Wu
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Elliptic Filter

Y
Butterworth Chebyshev type 1
1 1
08 08
06 -1 06 -
04 04
02 02
0 T 0 | |
0 02 04 06 08 1 0 02 04 06 0g 1
Chebyshev type 2 Elliptic
1 ) |
08 08
06 - 06 -1
0.4 0.4
02 02
0 0 T
0 02 04 0.6 08 1 0 0.2 04 0.6 08 1

Elliptic filters are sharper than all the others, but they show ripples on the whole bandwidth
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Gaussian (Maximally Flat Group-Delay) Response

— n=3
—=n=5

1. Poor selectivity
2. BW depends on order n ?

L/Ada) —

3.0

The Gaussian response is approximated by a rational transfer function

dy
S'_.- )= &
-l(! ) T(lkpk

=0 Q—>
where p = o + j€ is the normalized complex frequency variable, and the coeffi-
cients

(2n —k)!
= —F7 —— (3.15)

204\ (n — k)!

This transfer function posses a group delay that has maximum possible number of
zero derivatives with respect to Q at Q = 0, which is why it is said to have maximal-
ly flat group delay around © = 0 and is in a sense complementary to the Butterworth
response, which has a maximally flat amplitude.
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Gaussian (Maximally Flat Group-Delay) Response

N
With increasing filter order 7, the selectivity improves little and the insertion loss in decibels

approaches the Gaussian form o2
LyQ)=10loge " dB

Use of this equation gives the 3 dB bandwidth as

7N

= 2n -~ 2
Q}dB \/E:l_l, l)ln..

Unlike the Butterworth response, the 3 dB bandwidth of a Gaussian filter is a function of the filter
order; the higher the filter order, the wider the 3 dB bandwidth.

1.0
Advantage: A quite flat group delay in the passband 4 T\
I N

>
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All-pass Response

I

The transfer function of an all-pass network is defined by

Di(—p)
Sulp) = SR
D(p)
where p = o + jQ is the complex frequency variable and D(p) is a strict Hurwitz
polvnomial. At real frequencies (p = j€Q), [S2;(jQ)? = S51(p)S21(—p) = 1 so that the
amplitude response is unity at all frequencies, which is why it is called the all-pass

network.

However, there will be phase shift and group delay produced by the allpass network.

S$n(jQ) =210 $,(Q) = In $(jQ)

; (Q)=_d¢2|(9) _ . d(In 55,(j€2))
€ @ 77 aa
—_— =j( I dbp) 1 (ID(p)) dp.
D(-p) dp D(p) dp /dQ

p=i

In mathematics, a Hurwitz polynomial, named after Adolf Hurwitz, is a polynomial whose coefficients are positive real
numbers and whose zeros are located in the left half-plane of the complex plane, that is, the real part of every zero is
Prof. T. L. Wu
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All-pass Response

L/
An expression for a strict Hurwitz polynomial D(p) is

o) = {1tp - o1 i - -0+ /0P - (-0, -j2))
\k=1 J\k=1 /

If all poles and zeros of an all pass network are located along the -axis, such a network is said to
consist of C-type sections and therefore referred to as C-type all-pass network.

If the poles and zeros of the transfer function are all complex with quadrantal symmetry about the
origin of the complex plane, the resultant network is referred to as D-type all-pass network

consisting of D-type sections only.

C-type (single section)

iQ 5
-+
Salp) = = Sl
P o
-0, ? c
* * Q) - 20,
") -
0 1 2 3 Prof. T. L. Wu
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D-type (single section) i 5
© i o
T T
-0, g ©
° g ©
S(0) = [ - (-0; +j ) [-p — (-0; - j¥)]
2 o e — o Q)
40-’[(0»’2 + Q’Z) + QZ] (a) (b)
Td(ﬂ) = [(0',2 + 0;2) _ QZ]Z + (20',0)2 FIGURE 3.9 Characteristics of single-section, D-type, all-pass network: (a) pole-zero diagram, (b)

group delay response

Prof. T. L. Wu
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Lowpass Prototype Filters

ilter syntheses for realizing the transfer functions usually result in the so-called lowpass prototype
\’filters

lowpass prototype filter is in general defined as the lowpass filter whose element

values are normalized to make the source resistance or conductance equal to one,

denoted by g, = 1, and the cutoff angular frequency to be unity, denoted by =

1(rad/s).

r-pole lowpass prototype for realizing an all-pole filter response, including Butterworth, Chebyshey,
and Gaussian responses.

load conductance

’ Ladder Network ‘ load resistance

source resistance % | | % / . /
Sa 8o
(n even) (nodd)
load resistance
S load conductance
source conductance /
\ 8o 8 2 or 8aut /
(neven) (n odd)
These g-values are supposed to be the inductance in henries, capacitance in farads, resistance in ohms,
and conductance in mhos. Prof. T. L. Wu
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Butterworth Lowpass Prototype Filters

I
o= 1.0

fori=1ton

gi=2 sin(:w“)

s

i1~ 1.0

To determine the degree of a Butterworth lowpass prototype, a specification that
is usually the minimum stopband attenuation L, dB at Q = €, for £, > 1 is given.

- log(100-1 245 — 1)
2logQ,

For example, if L, =40 dB and ), =2, n = 6.644, i.e., a 7-pole (n = 7) Butterworth
prototype should be chosen.

TABLE 3.1 Element values for Butterworth lowpass prototype filters (g, =1.0,Q_=1,
L,=301dBatQ)

n & & £ & &s k13 &7 &s 89 Lo
20000 1.0

14142 14142 10

1.0000  2.0000  1.0000 1.0

07654 1.8478 L8478 07654 1.0

06180  1.6180  2.0000 1.6180 06180 1.0

05176 14142 19318 19318 14142 05176 1.0

04450  1.2470  1.8019 2.0000 1.8019 1.2470 04450 1.0

03902 L1111 1.6629  1.9616 19616 1.6629 1.1111 03902 1.0

0.3473 1.0000 1.5321 1.8794 2.0000 1.8794 1.5321  1.0000 03473 10

Wty —
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Chebyshev Lowpass Prototype Filters

p4 4

4si Qi-m| | 2i-3)7
sin P sin o

For Chebyshev lowpass prototype filters with a passband ripple L, dB and the cutoff frequency €}, = 1
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gi=— - fori=2,3,---n
g1 ) ,[(1— l)ﬂ']
¥ + sin?
n
1.0 for n odd
8urt thg(é) forn even For passband ripple L, = 0.1 dB
4
n £ £ £ gy gs 86 & gs 8o Lo
| 0.3052 1.0
‘L 2 0.8431 0.6220 1.3554
B= ln[coth( A )] 3010316 11474 10316 1.0
\17.37 4 L1088 13062 17704 08181 1.3554
S 1.1468 1.3712 1.9750 1.3712 1.1468 1.0
o [3 6 1.1681 1.4040 2.0562 1.5171 1.9029 08618 1.3554
- smh( ,,_” 7 1.1812 1.4228 2.0967 1.5734 2.0967 14228 1.1812 1.0
; ! 8 1.1898 14346  2.1199 1.6010 21700 1.5641 1.9445 08778 1.3554
9 1.1957 1.4426 2.1346  1.6167 2.2054 1.6167 2.1346 14426 1.1957 1.0

o

e VYU

Chebyshev Lowpass Prototype Filters

Using the same example as given above for the Butterworth prototype, i.e., L, =40
dB at Q, = 2, but a passband ripple L, = 0.1 dB for the Chebyshev response, we
have n = 545, i.e,, n = 6 for the Chebyshev prototype to meet this specification.

For the required passband ripple L, dB, the minimum stopband attenuation L 4,
dB at ) = (), the degree of a Chebyshev lowpass prototype, which will meet this
specification, can be found by

Ty
cosh \m
n=
cosh™! Q)

Sometimes, the minimum return loss Ly or the maximum voltage standing wave
ratio VSWR in the passband is specified instead of the passband ripple L,,. If the re-

Ly, =—10 log(1 — 10%%r) dB
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transmission zeros

Elliptic Lowpass Prototype Filters

The series branches of parallel-resonant circuits are introduced for realizing the finite-frequency
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-1

(n odd)

The shunt branches of series-resonant circuits are used for implementing the finite-frequency

transmission zeros

g.

(n even)

(n odd)

Prof. T. L. Wu

Elliptic Lowpass Prototype Filters

Unlike the Butterworth and Chebyshev lowpass prototype filters, there is no simple formula
available for determining element values of the elliptic function lowpass prototype filters.
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Ly (dB) —>

,_
7

instance, considering the same example as used above for the Butterworth and

Chebyshev prototype, i.e., L, = 40 dB at £, = 2 and the passband ripple L, = 0.1
dB, we can determine immediately # = 5 by inspecting the design data, i.e., ) and
L 4 listed in Table 3.3. This also shows that the elliptic function design is superior to
both the Butterworth and Chebyshev designs for this type of specification.




Gaussian Lowpass Prototype Filters

7

| two useful (iesign parametérs_. The first one is the value of Q, denoted
by Q,,,, for which the group delay has fallen off by 1% from its value at = 0.
Along with this parameter is the insertion loss at £+, denoted by Lg,q, in dB. Not

TABLE 3.4 Element values for Gausslan lowpass prototype fllters (g, = g,., = 1.0, Q.= 1)

n Qe LowdB g £ g g gs & g g &

2 05627 04794 1.5774 04226

312052 1.3365 1.2550 0.5528 0.1922

4 19314 24746 1.0598 05116 03181 0.1104

5 27090 38156 09303 04577 03312 02090 0.0718

6 3.5245 53197 08377 04116 03158 02364 0.1480 0.0505

7 43575 69168 0.7677 0.3744 02944 02378 0.1778 0.1104 0.0375

8 52175 8.6391 0.7125 03446 02735 02297 0.1867 0.1387 0.0855 0.0289

9 6.0685 103490 0.6678 0.3203 02547 02184 0.1859 0.1506 0.1111 0.0682 0.0230

10 69495 12.188 0.6305 0.3002 0.2384 02066 0.1808 0.1539 0.1240 0.0911 0.0557 0.0187

It is noteworthy that the higher order (7 >= 5) Gaussian filters extend the

flat group delay property into the frequency range where the insertion loss has exceeded

3 dB.
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By inspection . 3

- S-parameters can then be derived

All-Pass, Lowpass Prototype Filters
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All-Pass, Lowpass Prototype Filters

If the elements are assigned as
:a =_IQLa =_[le

<b =
jQC, Qg
B |
£1 o
It can derived that
2, L=g,
o— }——o = oW 5 Z,—2Z,
met S, (jQ) =
- Co=¢ a, 212y 2yt Zyy = 21y Zy +1
o— }—o = o—j}—o B jQ—l/g,-
jQ+1/g,
_P~0
pP+0;

where o3 > 0 is the design parameter that will control the group delay characteris-

tics, as shown in Figure 3.8. |
p. 14 in slides Prof. T. L. Wu
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All-Pass, Lowpass Prototype Filters

*

Similar to C-type, the elements are assigned as

|
z,=jQL,+ z —=jQC, +
a / a IQ Ca z / b /Q Lb
L—“——l I 20;
(1—(b—g1—_20i~ Co= b—gz——ai3+0’;

where @; > 0 and €; > 0 are the two design parameters that will shape the group de-
lay response, as illustrated in Figure 3.9. Since a D-type section is the second-order
all-pass network, there are actually two lowpass prototype elements, namely g, and
&>, which will represent both the inductance of an inductor and the capacitance of a
capacitor, depending on the locations of these reactive elements, as indicated in Fig-

ure 3.12(c). Prof. T. L. Wu




FREQUENCY AND ELEMENT TRANSFORMATIONS

7

@ Frequency and impedance scaling
@ Lowpass Transformation

@ Highpass Transformation

@ Bandpass Transformation

@ Bandpass Transformation
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Impedance and frequency scaling

%
@ Normalized source resistance/conductance — g,= 1
@ Cutoff frequency = Q.= 1
= impedance scaling : define an impedance scaling factor v,

{Zof’go for g, being the resistance
Yo =

go/Yy for g, being the conductance

Scaled value : impedance —impedanceX v,
L —>v,L C— Chy,
R—>y,R G — Gly,

X X
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The impedance scaling will remove the g, = 1 normalization and adjust the filter to work for any value of

the source impedance denoted by 20. This scaling will has no effect on the response shape.

Resistive element transformation for the generic term g for the lowpass prototype elements in the

element transformation
R=y.g forgrepresenting the resistance

i 2

—— for g representing the conductance
Yo

Prof. T. L. Wu
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Impedance and frequency scaling

L
2
- . Qc ’ i 2 .Qc
v Frequency scaling :  Q=|=|o=|sa(jQ)] =|S2| j—a
(04 (0
scaled values :
jQL:j(QCJwL:L':[QC)L ,1 = L :C:(Q“]c
Wec Wc jQC (QC) e
j| — |oC
e

v Impedance and Frequency scaling :
scaled values :

(Q,\ 4 ‘
L= ‘—]‘y(,g for g representing the inductance
\ @,/

C= (— }£ for g representing the capacitance
\ W/ 70

Prof. T. L. Wu
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Lowpass Transformation

Q.
Y (== e
/ Q_ \ g X w('
L= (w—"v(g for g representing the inductance o— MWL —o —3p oW
\ @, )

C= (—‘ ’i for g representing the capacitance
\We /Yo Qg
g S — [=
1' 1' o,
Example: To demonstrate the use of the element transfor-

mation, let us consider design of a practical lowpass filter with a cutoff frequency f,
=2 GHz and a source impedance Z; = 50 ohms. A 3-pole Butterworth lowpass pro-
totype with the structure of Figure 3.10(b) is chosen for this example, which gives
go=g4 = 1.0 mhos, g, =g;=1.0 H, and g, = 2.0 F for Q, = 1.0 rad/s, from Table
3.1. The impedance scaling factor is y, = 50, according to (3.34). The angular cutoff
frequency w, = 27 x 2 x 10° rad/s. Applying (3.38), we find L, = L =3.979 nH and
C, = 3.183 pF. The resultant lowpass filter is illustrated in Figure 3.13(b). 3979nH 3979 nH

I3.183pF

50 ohms 50 ohms




Highpass Transformation
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Highpass Transformation
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An inductive/capacitive element in the lowpass prototype will be inversely transformed to a
capacitive/inductive element in the highpass filter.
1 1
g [(D’Ql Jyog
w0, , 0Q.g o—M—0 —p o—J}—o
Q=- > Ag—>—
w Jjw
C(l)lf ing the induct Ig — e
= _— 4 t a gl
.chc Vo2 or g represen ll]g e Inductance I (x)‘Q‘ P
1 Yo ‘ .
Ly |——s for g representing the capacitance
0. g
Example:
A practical highpass filter with a cutoff frequency at 2GHz and 1.592 pF 1.592 pF
50-ohms terminals, which is obtained from the transformation il i}

of the 3 pole Butterworth lowpass prototype given above.
50 ohms 1.989 nH

50 ohms
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Bandpass Transformation

U
Pir
o =N w12
-Wo Wo W
w2 — W1
W2 Wi wiow FBW =
o
Qc w wo
0> wo, Qe > w2, —Qc—>wm, Q= e
FBW\ w0
(. 1 - 1 :sz[ Q. ]QQL[,:(FBWJQ
o 8 (o onC L Q& )£+ 1 FBW o) yo @Qe ) C
Yo FBW w0 @ )yo FBWao)yo . (FBW]}/O
Jo| — |~
@ ) C
Oyl = j—x (ﬁ—ﬂ }/osza)( S, Py ! :CS{FBWJL,LF( L jyoL
FBW\ o o FBW a0 jw(FBWj 1 Qe ) yoL FBW ao
@0Qe ) yolL
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Bandpass Transformation

L
An inductive/capacitive element g in the lowpass prototype will transform to a series/parallel LC
resonant circuit in the bandpass filter.
7 _( Q.
1ngunnr L. C, o~ ey '8
, o C. =1/(wgL,)
o i k8 1 Qg L7 &
T — J —
PR8I0 rpWa, | jo FBW v I
’ . Q g
C, = =
P g —> L, g}' G g (FBW(OO )Yo
4 ~ 2
e SS - )
» ~ 3
~
(-2 o 0. \g "
*“\FBWay) » =\ FBWawo/ vo
for g representing the inductance ‘ R for g representing the capacitance
- _("FBU" 1 7 =(FB” )ﬁ
N/ yog P\ ) g
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Bandstop Transformation
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94
Pir Pir
Wo =\ W12
e
N -Wo Wo W FBW = 2 — 1
-Q. Q. W2 -wi Wi w2 e
QFBW
0>+, Q >w, —Q > M=>Q=r——
(=)
10 o
Qpl=j QFBW Yol = 1 :Cp:( 1 jL’LPZ(QcFBWj}/OL
(a)% _a/ ) ®0 s 1 FBW @0Qe ) yoL @0
0] o . Jo
JaQFBW yoL FBW @0QeyoL
1 1 1 , 1 70 (QCFBWJ C 1 70
= = + jw —=C= —Li=—————
~C . QFBW C . (QFBW\C FBW @0Q. C @ )yo FBW @0Q. C
P gn)r U
w o
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Opposite to the bandpass transformation, an inductive/capacitive element g in the lowpass
prototype will transform to a parallel/series LC resonant circuit in the bandstop filter.
7 L QO FBW
Q0= __QFBW ”‘ 8 L L=( o )mg
(an/@ — w/w,) ° ° » & E::ﬂ ° >
C,=l(w,L,)
Cr'
=V w
“o 192 L. L =1(®.C,)
Wy — ) g —>
FBW =— 1- " c —[QFBW g
wo I : : (oll Yn
- { 1 v\l (a)
o~ (raass) .
\ FBWwo Q.| Yog Ex:
for g representing the inductance 3.979 nH 3.979 nH
1 < Q.FB H")
= Y&
P @y ) 3.183 pF
(" | ) Yo 50 ohms 50 ohms
L = — | —
S \FBWaxQ.) g 3.183 pF
for g representing the capacitance
_ (QFBW\ g
c,- (DR} E
@ Yo
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IMMITTANCE INVERTERS

@ Definition of Immittance, Impedance, and Admittance
Inverters

@ Filters with Immittance Inverters
@ Practical Realization of Immittance Inverters
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Definition of Immittance

I

@ Immittance inverters are either impedance or admittance inverters.

@ An idealized impedance inverter is a two-port network that has a unique property at all
frequencies

@ if it is terminated in an impedance 22 on one port, the impedance Z1 seen looking in at the
other port is

K: characteristic impedance of the inverter

@ As can be seen, if 22 is inductive/conductive, Z1 will become conductive/inductive, and
hence the inverter has a phase shift of +90 degrees or an odd multiple thereof.

Prof. T. L. Wu




Impedance/admittance Inverter

U
@ the inverter has a phase shift of 190 degrees

@ Impedance/admittance inverters are also known as A-inverters / J-inverters.
@® The ABCD matrix of ideal impedance inverters may generally be expressed as

[A B] [ ”1 :jK] [.4 B] [0 :L—IJ]
N - J
c o7+ 0 ¢ o7 |y &

Impedance inverter admittance inverter
or K-inverter or J-inverter
Ol —C O— >
( )
’* +00¢ : F £90° =
o— — O— -
Z,=Z, Lok Y.=Y, F
=z Y, = Y.
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It is noted that the +/- 90 degree is decided by the phase of Sx of the 2-port network

Prof. T. L. Wu

Filters with Immittance Inverters

I

terminals
Proved by ABCD matrix

T 0 JjK 4 0 JK
» . {1 jol] [
K K = -— olo 1 ||l-— o] |jecC
= K K 4
—o

A shunt capacitance with an inverter on each side looks likes a series inductance from its
external terminals

L
o o—THW._o

>
<__.
—O o0——-

(.
———+
o
o~

o—

A series inductance with an inverter on each side looks like a shunt capacitance from its exterior
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!

Inverters have the ability to shift impedance or admittance levels depending on the choice of K

or Jparameters.

Making use of these properties enables us to convert a filter circuit to an equivalent form that
would be more convenient for implementation with microwave structures.

Prof. T. L. Wu




; Lowpass Filters with Impedance Inverters
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L, Ly, L.,
() (RO, L — — ST
Ko, K, K,; Kyyni1 Zpi
T
KOAI = zoLul s K“” = ‘ai a(i+l) 5 K".‘M - Lm.ZmI
88 88 | .8
Jox %C_, Ji2 %C-z s IIC.“ 1 Yo
ul a(Hl) s J""” - Cuuylnl
\} PR T o N 8aBun
The new element values, such as Z,,
Z,,H‘ Lo YO Y,.1» and C,,, may be chosen arbitrarily and the filter response will be
identical to that of the ougmal prototype, provided that the immittance inverter pa-
rameters K, ;,, and J;,, are specified as indicated by the equations in Figure 3.18. Prof. T. L. Wu
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»
2 & L, Lo L.,
Eﬁ} i E () (L) - — — SO
8 & & Sont Zo KO, 1 Kl 2 K:_; Kn.ml Z,,+ 1
P s e — = === —= = —
I K . = ZOLuI K LmLu{ul) = Lunzml
0.1 ? i+l = ’ na+
I 808 g8 |y, £.8un
How to prove? e

Take n=2 as an example

1 ; K,
Z - 01
2(9)= VTR o
1 4“ . -—————— > 7I<2+‘SL41}
g, +5g, ) 38 Compare their coefficients sL,, +723 ~
A I g L, i L,Z,
s an example F= LK = |t
(Z,/g,) K%, o

By expanding the input immittances of the original prototype networks and the
equivalent ones in continued fractions and by equating corresponding terms.

Prof. T. L. Wu
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; Bandpass Filters with Impedance Inverters

U
L, L L Si : ]
. = ince the source impedances are assumed the same in the
TR L - - = - both filters as indicated, no impedance scaling is required
Z K, K> Ky Konit Z,1
transforming the inductors of the lowpass filter to the series
Kk = |Zla | g _ LyLyiy k= [Fwlu resonators of the bandpass filter, we obtain:
A » vl = ’ nasl =
P R TN . Vz.c..
| Replace L, . ( Q. .)L
st FB"'(U[) ) ai
L, C, L. C, L. C. |
MR ST |—— — — L Cu=—
wf)Lsi
2y Ko, K> Kis Ko n1 Z,.i
.. foFBWmoL,, . k- FBWo, L;L ., K, = { FBWo,L,Z,,,
ol Q(g()gl Pd+l Q‘ - g—,g,.. - n.t Q(gngull
" wél"i i=lton
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Bandpass Filters with admittance Inverters

I

Similarly

Y, Joa Ic.n J2 Ic.z Jas IC.‘ il
%G Gl Cutu
Joa =2 s i =y — s pan = :
808 &i&in | ona 8,841
Y, Jo J Ji2 ' J2 N Yo
Lpl Cpi P2
J Y,FBWo,C, J = FBWw, |C,C i B FBWw,C,Y,.,,
- s Yl s Vsl T
" Q.88 o N sgw |, Q.2,8.

L =—{,'
i m‘;C’" i=lton
: Prof. T. L. Wu
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Generalized bandpass filters (including distributed
elements) using immittance inverters.

%
Reactance slope parameter for resonators having zero
reactance at center frequency
X()
. ¢ K> s K, Zy
w, dX(w) % Ko + ] :
X = o ——
2 dw w=w() e
Z,FBWx, _FBW |[xx,,
= . . Kn‘l e s a ! Ku.l m— ’ K..,...l
a lumped LC series resonator is wyL. Q.08 Q. V&l
0, dX,(®)
b e
2 do |,

Susceptance slope parameter for resonators having
zero susceptance at center frequency

Joa | [B(@)] | 412 | [BL@)] | s .

wy dB(w)

2 dw w=w()
Y,FBWh, FBW [bb,, FBWb,Y,,,
Jﬂl = T ’ ‘,:.nl Al e . ‘lrv.u-l - T —
Q.88 Q. Vggn Q8,8

a lumped LC parallel resonator is w,C. e

b=

=c£(,_d8,(w)l

b,
2 do .,

Prof. T. L. Wu
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Practical Realization of Immittance Inverters

N>
- = 5 -L -L »C -C
impedance mverter
P o }—o
Z1 72
I C

F K.+ 90° L
Z3

n 7 ’ 2 - - L
L Ko K=ok 4900 Fac -90°
1+Z‘— ZI+ZZ+% 0 —joL
3 Z3 — 1
admittance inverter Zi 1+22 jolL 0
3 3
I
J,+90° Yil C
— —
Yin = ;]7 64 C
L 1 2 -[ I
J 4 — o
1
b J=6C
-900 +909°
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Immittance inverters comprised of lumped and transmission line
elements

%

@ A circuit mixed with lumped and transmission line elements

|
| b f | b ll
K=2, lan¢ l
: 1
Z, X=wl 2X Z, X=- B
¢=—tan” * | oC
ll
¢ ] ° x| «x/z
$<0forX>0 l,,=l—(k2.f $>0forX<0
— o2 —| #2 —] |— o2 — o2 —
o—— j—o
B=- 1 J=}'<,lzm7 B=wC
¥ ol - Y
¢ =~tan” 28 ’
Y, N R
i C B _ gy, - -
>0 forB<0 = ® __ <0 forB>0
¢ Y, 1-(Ur)
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Richards’ Transformation

L
Distributed transmission line elements are of importance for designing practical microwave
filters.

A commonly used approach to the design of a practical distributed filter is to seek some approximate
equivalence between lumped and distributed elements.

Such equivalence can be established by applying Richards’s transformation

Richards showed that distributed networks, comprised of commensurate length
(equal electrical length) transmission lines and lumped resistors, could be treated in
analysis or synthesis as lumped element LCR networks under the transformation

The new complex plane where ¢ is defined is called the t-plane.
Following is referred to as Richards’ transformation

/
t= tanhﬁ
Vp

p=0+jo

t=jtan @

w .
6= —I = the electrical length

lossless passive network

Prof. T. L. Wu
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Richards’ Transformation

=
Ly (dB) —>

20y 4og

) ‘T @ Lar]
0= tan(— —)
2 W

The periodic frequency response of the distributed filter network is demonstrated in Figure
3.23(b), which is obtained by applying the Richards’ transformation of (3.54) to the Chebyshev
lowpass prototype transfer function of (3.9), showing that the response repeats in frequency

intervals of 2w,.

A lowpass response in the p-plane may be mapped into either the lowpass or the bandstop one
in the t-plane, depending on the design objective. Similarly, it can be shown that a highpass
response in the p-plane may be transformed as either the highpass or the bandpass one in the

t-plane. Prof. T. L. Wu
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Richards’ Transformation

I

Lumped and distributed element correspondence
under Richards’ transformation

o——
L Z=pL Z=tZ,
p=Jjo t= jtanO
o—_
- e -
o———
.T. Y=pC Y=tY
1- p=jo t= jtanO
O—_—
L 0 o

Prof. T. L. Wu
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Richards’ Transformation

7

Another important distributed element, which has no lumped-element counterpart, is a two-
port network consisting of a commensurate-length line.

G © <5 ——=©
Z,
Z =
——0 o—] UE I —»
6—
ABCD matrix: t= jtan® ABCD matrix:
cos®  jZ,sin® 1 1 Zulj|
[jsine Z,  cosB } ;1_,3 L zZ, '1

It is interesting to note that the unit element has a half-order transmission zero at ¢ = *1.

Unit elements are usually employed to separate the circuit elements in distributed filters,
which are otherwise located at the same physical point.

Prof. T. L. Wu
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Kuroda Identities

I

Such transformations not only provide designers with flexibility, but also are essential in many
cases to obtain networks that are physically realizable with physical dimensions.

ePhysically separate transmision line stubs
eTransform series stubs into shunt stubs, or vice versa
eChange impractical characteristic impedances into more realizable ones

.z
Zi=-2ele
ot 142,
c V4 '=7 +
——o o—| - o o—1 _ | z,=2,+2,
Z Z, Z zZ
u " Z # “ V4
Z v g

Sz, Y=7az+
UE | UE ' UE | UE 242.+2)

1]
N\

e
b

Z, tn
Z
UE |
Y,
n=
Y.+1Z,

Prof. T. L. Wu




Kuroda Identities
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Proof:
__ZY
14z,
z
—eo o——
Z Z
; " — g P
Y. = Y1+ Z)Y,
7_ UE | o o—JUE|
’
1 [1 ol 1 zt 1[1 Zuf}lzc't
u P —
— 2 !
J_plye 1|z 1 V-2 [z Lo
' ’
1 1 Zt —— . 1 (Z+Z )
e 3 > = — '
2
Ji=£2 | (X +1/Zu)t YZ it +1 -7 17 c 24l
u
Prof. T. L. Wu
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Kuroda identiti
B z':ff):f
- “T1+ZY,
7’- z [ 1 z ‘ , unit element unit element Z,/n?
Y = =3y \ | nom
s el iy Rk 2 3 Z,/n?
ﬂ shunt C n?=1+27)JZ, series L
Z, Z\=Z,+2 Z, unit element unit element
zZ, _ Z 7” pe % — T A—
UE = UE Yo T z@z+z) T Z, = n3Z, =+ Z,"In?
O] — [ — 1
series L n2=1+2,2, shunt C
unit element unit element 1 2A2
shunt L n2=1+2,/7Z, shunt L + trfmr
Zy' unit element unit element n2:1
—_— N - e
Z, = n2z, Zg’//ﬂ?
series C n2=1+ 2,27, series C + trfmr
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Coupled-Line Equivalent Circuits

7

Coupled line Single line
Lr 9 I,

Similar form
‘// ~ {Vl}:[—jzocote —jZ,cscO[ 1, ]

- (L] VI-2[L) 1; —jZycscl —jZ,cotd || I,
Nl [ VI=a (L] | A

2 A v,| L LINI=-£|[]]

ZT _ 42 1
e N\ SE I s

%

Proof: refer to “Microwave Engineering”

In this case Ly, and Ly, are the self-inductance per unit length of line 1 and line 2,
respectively, and L,, is the mutual inductance per unit length. If the coupled lines
are symmetrical, L) = Ly;. It may be remarked that [L] and [C] together satisfy

[LIC] = [CHLI = [UYv; (3.58)

where [U] denotes the identity matrix.
Prof. T. L. Wu
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Coupled-Line Equivalent Circuits

I

Admittance matrix form

Vo

t

' ) i M
oo 1} : [ o N _,:[Q] -

I V1 -£[C C 1"
o vimra e ]

Cy —Clz]

( =
[] [-Clz Cy

C); and Cy, are the self-capacitance per unit length of line 1 and line 2 respectively,
and C); is the mutual capacitance per unit length. Note that C), = C,; if the coupled
lines are symmetrical.

Prof. T. L. Wu




- Coupled-Line Equivalent Circuits

~-1:1 1

4 S B
S 1

z, & 7 i g

UE r Py - ",-(C:: 'Cl:)

Z,= I/(",vclz)

e T— JYI_
] _

It can be proved by ABCD parameters
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1
Y,=————
L "y, l‘n"’-\:)

1
Z ) = —
‘ e ",-(L::’Ln)
Y, =v,(C,-Cy)
Yo=v,C;
Yy=v,(Cy=Cp)
10—+ s [

T —

UE

fe ==
7“ TG

N
|

= ",.Ln
v.Cl

Prof. T. L. Wu

Dissipation and unloaded quality factor

I

In reality, any practical microwave filter will have lossy elements with finite unloaded quality

factors in association with power dissipation in these elements.

Such parasitic dissipation may frequently lead to substantial differences between the response of

the filter actually realized and that of the ideal one designed with lossless elements.

Unloaded quality factor

frequency.

C
L
o—mm e | | T T
N J
B wl o wC
(@ Ou= R (b) Ou="¢
L
L [ 24 R C
o] |- M\ —c
- wl G wC
Qu R Qu_ G

resonator
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For a lowpass or a highpass filter, w is
usually the cutoff frequency; while for a
bandpass or bandstop filter, is the center

w is the resonant freq. for the lossy

Prof. T. L. Wu
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Dissipation Effect on Lowpass and Highpass Filters

%

Assuming that the unloaded quality factors of all reactive elements in a filter are known,
determined theoretically or experimentally, we can find R and G for the lossy reactive elements
from previous equations. The dissipation effects on the filter insertion loss response can easily

estimated by analysis of the whole filter equivalent circuit, including the dissipative elements R and
G.

Another approach based on simple formula by Cohn (1959)

n Q‘
ALy=4.343> —g dB

i=1 Yui

where AL 4 is the dB increase in insertion loss at @ =0, ), and g; are the cutoff fre-
quency and element values of the lowpass prototypes, as discussed previously in
this chapter, and Q,; are the unloaded quality factors of microwave elements corre-
sponding to g, which are given at the cutoff @_ of the practical lowpass filters. This

Prof. T. L. Wu
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Dissipation Effect on Lowpass and Highpass Filters

7
As an example, let us consider the lowpass filter designed previously in Figure 3.13, which has a Butterworth
response with a cutoff frequency at 7fc = 2 GHz. To take into account the finite unloaded quality factors of the
reactive elements, the filter circuit becomes that of Figure below.
Two effects are obvious:

1. A shift of insertion loss by a constant amount determined by the additional loss at zero
frequency.
2. A gradual rounding off of the insertion loss curve at the passband edge, resulting in

diminished width of the passband and hence in reduced selectivity.

7
Q,= i/
50 ohms 50 ohms —— infinity /~
@ ——- 100 P
. S| = W/
- —-10 /i
L,=L,=3979 nH C,=3.183 pF 2 g
_ : L ):.,/._7_ ..................
R =R, = /L, G,= C: g =2GHz e -
¢ Q“ 7
______ T
1
fh,

The lowpass filter has used a n = 3 Butterworth lowpass prototype with g, =g; =1,
g, =2 and Q_= 1. As assumed in the above example that Q,, = 0,, = O,; = Q,, We
then have AL ;,=0.174 dB for O, = 100, and AL ,, = 1.737 dB for Q, = 10, accord-
ing to (3.61), which are in excellent agreement with the results obtained by network

! Prof. T. L. Wu
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Dissipation Effect on Bandpass and Bandstop Filters

It should be mentioned that not only does the passband insertion loss increase and the selectivity
become worse as the Qu is decreased, but it also can be shown that for a given Qu, the same
tendencies occur as the fractional bandwidth of the filter is reduced.

PREPRVES L T
A0 = 4.0 -}TI'FBWngi

The bandpass filter has a fractional band- i

width FBW = 0.707 and a center frequency f; = 1.414 GHz. Again, we assume that
0,1 = Ou2 = 0,2 = O,,. Substituting these data into (3.62) vields AL}, = 0.246 dB for
0, =100, and AL}, =2.457 dB for O, = 10, which are almost the same as those ob-
tained by network analysis, as can be seen from Figure 3.31(b). The expression of

\ L, C, R,
A —o— 0000 —|
50 ohms L C= %G: 50 ohms

L=L1,=7958nH  C,=C,=1.592pF
L,=1.989 nH C,=6.366 pF
/oL, =G

L, @B)

w

R =R, = G, f,=1.414GHz

f(GH2) Prof. T. L. Wu
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HW #1

Prove equation (3.24) for Butterworth Lowpass Prototype Filter
Prove the equations shown in Fig. 3.18(a) and Fig. 3.18(b).
Prove the equations shown in Fig. 3.19(a) and Fig. 3.19(b).

Please prove the reactance slope parameters of a lumped LC series resonator is wylL, and the susceptance
slope parameters of a lumped LC parallel resonator is w,C.

Prove the equations shown in Fig. 3.20(a) and Fig. 3.20(b).

Please prove Fig. 3.21(a) & (d) have a phase shift of +90 degree, and Fig. 3.21(b) & (c) have a phase shift
of -90 degree.

Please prove the identities in Fig. 3.27.

@ e

® @

@
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